We introduce a 1D model of a cavity with the Kerr nonlinearity and saturated gain, designed so as to hold solitons in the state of shuttle motion. The solitons are always unstable in the cavity bounded by the usual potential barriers, due to accumulation of noise generated by the linear gain. Complete stabilization of the shuttling soliton is achieved if the linear barrier potentials are replaced by nonlinear ones, which trap the soliton, being transparent to the radiation. The removal of the noise from the cavity is additionally facilitated by an external ramp potential. The stable dynamical regimes are found numerically, and their basic properties are explained analytically.
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The use of spatially localized gain, assisted by local trapping potentials, installed into lossy nonlinear media, has recently drawn considerable attention as a technique for targeted creation and holding of spatial solitons. In the simplest case, the gain is applied as a "hot spot" (HS), on a spatial scale much smaller than the size of the mode to be supported [1] [2] [3] [4] , hence the HS may be approximated by the δ -function. Settings with multiple HSs [5] [6] [7] [8] [9] , as well as with extended amplifying structures [10] , whose width is comparable to the width of the spatial soliton to be created in them, have been introduced too. These settings can be implemented by implanting gain-producing dopants into one or several narrow segments of the waveguide [11] , or by focusing an external pumping beam at the target spot(s) in a uniformly doped waveguide. Solutions for solitons pinned to HSs approximated by δ -functions are available in an analytical form [2, 5, 9] . More complex modes, such as vortices maintained by the gain applied in an annular area [12] [13] [14] [15] , have been found numerically.
A natural setting for the implementation of the HS is also offered by lossy multi-core waveguiding arrays, with the gain applied to a single selected core [16] . Remarkably, in the latter case the pinned mode may be stable under the combined action of the unsaturated cubic gain and self-defocusing cubic nonlinearity, which is impossible in uniform media (but is possible for localized unsaturated cubic gain acting in a continuous medium [4] ).
A problem of obvious significance is stable storage of solitons in amplified cavities [17] [18] [19] [20] [21] [22] . The difference from the setting outlined above, where static pinned solitons were considered, is that a narrow soliton should be kept in a broad cavity in the state of stable shuttle oscillations. Our objective here is to propose a one-dimensional (1D) model of a pumped cavity which admits stable storage of the dynamically trapped solitons. Obviously, the simplest possibility is to consider a cavity of size L between δ -functional potential barriers, placed at points / 2 x L = ± [23] , with saturable gain applied between these points. The corresponding nonlinear Schrödinger (NLS) equation for local amplitude of the electromagnetic field, where is the propagation distance, is [24, 25] 
Here 0 ε is the height of the barriers, the gainmodulation profile is taken as
, while 0 and 2 Γ represent the linear gain and nonlinear loss (saturation) acting in the cavity. We fix scales by setting 2
0.001 Γ = and 3 L = (the exact size of the cavity is not important, provided that it is much larger than the width of the trapped soliton). The δ -functions were approximated by narrow Gaussians with width 0.01 If the cavity is broad enough and parameters 0 Γ and 2 Γ are small, one can apply the perturbation theory [26] for the NLS soliton, which is taken as ( )
amplitude η and tilt (velocity) C . Because the linear gain and cubic loss in Eq. (1) do not break the Galilean invariance, the perturbation theory predicts that remains a free parameter, while C η is uniquely selected by the gain-loss balance condition for the total power,
The analysis of the balance equation for the Hamiltonian,
(rather than the total power) produces precisely the same result (2), leaving the tilt free.
However, direct simulations of Eq. (1), supplemented by the linear loss and absorber placed outside of the cavity, demonstrate that the model never gives rise to stable shuttle motion of the trapped soliton. The soliton is destabilized via the amplification of random noise by the linear gain in the cavity. The growing noise stays trapped between the potential barriers, and eventually destroys the soliton, see Fig. 1 . Complete stabilization of the trapped soliton is provided by using nonlinear potential barriers instead of the linear ones, represented by terms
. Recently, the use of nonlinear potentials in photonics and matter-wave optics has drawn a great deal of attention [28] . In the present context, the nonlinear barriers play the crucial role, as they trap the shuttling soliton, but are transparent for small-amplitude perturbations, allowing them to escape the cavity, thus forestalling the growth of the instability through the noise accumulation. The nonlinear potentials may be realized, in particular, by means of narrow doped segments of the waveguide [11, 28] . Thus, Eq. (1) is replaced by
which is dealt with hereafter. The last term in Eq. (3) is a linear ramp potential installed outside of the cavity, ,
helps to stabilize the trapped soliton by directing the escaping radiation towards the absorbers, rather than allowing it to penetrate back into the cavity. We here set 10 F = . Simulations demonstrate that very weak instability (much weaker than in Fig. 1 ) develops in the absence of the ramp, i.e., it is not really necessary unless the propagation length should be very large. The ramp was also included in the simulations of Eq. (1), but did not help to stabilize the soliton in that case.
An example of the completely stable shuttle motion produced by simulations of Eq. (3) is displayed in Fig. 2 . The stability of the dynamically trapped soliton in Eq. (2) is limited by the possibility of its escape from the cavity if its kinetic energy, 2 C η , exceeds the height of the potential of the repulsion of the soliton by the nonlinear barrier, ( ) (
where ξ is the distance of the soliton's center from the edge of the cavity. It follows from here that the soliton escapes at
Analysis of numerical data corroborates that it is an accurate threshold condition for the passage of the nonlinear barrier, if η and C , which vary in the course of the evolution, are taken for the soliton hitting the barrier. The numerical data corroborate too that Eq. (2) very accurately predicts the amplitude of the stable soliton, at all values of the gain, as shown in Fig. 3 . The stability of the soliton with amplitude (2) suggests that it is an attractor [25] (in terms of the amplitude, while, as concerns the velocity, it is a neutrally stable mode, see below). This is corroborated by Fig. 4 , which demonstrates that the amplitude of a soliton, if initially taken larger or smaller than (2), relaxes to this value, except for very small initial amplitudes, for which the soliton is broader than the cavity, which occurs at . On the other hand, if the gain is too large ( 0 ), the amplified perturbations accumulate too fast, and the transparency of the nonlinear barrier does not provide for complete stabilization of the dynamically trapped soliton. Therefore, dependences of characteristics of the stable dynamical regime on Periodic collisions with the barriers may affect the soliton's velocity (tilt). Indeed, the simulations demonstrate that, if the initial velocity is too large (however, smaller than the abovementioned escape threshold), it decreases to a smaller value, The dashed curve is the best fit to the analytically estimated dependence, .
The dependence of on can be explained as follows. If the soliton hits the barrier with a relatively high velocity, , the soliton's tail penetrates into the external area, where it decays into radiation waves driven away by the ramp potential. The ensuing loss of the soliton's power is compensated by the intra-cavity gain, but the gain does not restore the momentum carried away by the radiation waves. This mechanism leads to a small drop of the velocity of the relatively fast soliton, as a result of its rebound from the barrier [as seen in Fig. 5(a) ]. Using potential (4) and comparing it to the above-mentioned soliton's kinetic energy,
η , it is possible to estimate the scaling of the dependence of the smallest velocity, at which the soliton can emit radiation outwards, due to the collision with the barrier, on the amplitude:
Finally, in the combination with Eq. (2), this yields , which is consistent with the numerical findings, as shown in Fig. 5(b) . 
